1 Abstract: A new, dynamic, time-domain, numerical model for external cavity lasers, based on the transmission-line laser model (TLLM), is introduced. This is able to show the evolution of spectra from large-signal modulated devices, even when the modulation pulsewidth is less than the external cavity round-trip delay. The model is demonstrated using short and long dispersionless cavities. Results in the time and spectral domains are in agreement with those of previous theoretical and experimental work.
Introduction
External cavity semiconductor lasers are constructed from two main components : a standard Fabry-Perot injection laser used as a gain block, and an external cavity coupled to one of the lasers facets acting as a passive resonator. The advantages of such an arrangement over a simple Fabry-Perot laser are that the static and dynamic linewidths are reduced [l]. The resonator has also been shown to increase the relaxation frequency of the laser under certain circumstances. This is usually equated to the upper limit of modulation frequency. Both narrow linewidths and high modulation frequencies are desirable for high-data-rate long-haul fibre-optic communication systems [2] . The external cavity is formed using a reflector placed up to several centimetres away from the rear facet of the laser. The front facet is used to couple power to a communications fibre, as shown in Fig. 1 [3-191 . The cavity will preferentially feed back optical power into the laser at a number of frequencies, depending on its phase length and coupling to the laser. If one of these frequencies lies close to a Fabry-Perot longitudinal mode and the material gain peak, and the feedback has the correct phase, the device will oscillate near to or at this frequency.
Unfortunately, especially for long cavities which are designed to give low linewidths, several cavity resonances may achieve the above lasing condition. In this case the laser will become multimoded. However, this problem may be solved by the inclusion of a dispersive filtering element into the cavity, as in Figs. Id-h . This work will concentrate on designs without a dispersive component [&11].
However, it is easy to modify the proposed model to cover dispersive external cavities. f Etalon and plane mirror [16] g Multilayer reflection filter [17] h Distributed Bra= reflector [18, 191 
Designs (e)-(h) incorporate a dispersive (filtering) element and may use one antireflection coated facet

Some external cavity laser designs
A long cavity will give a delay to the feedback pulse. This will have no consequence when the device is unmodulated (CW operation). However, if the device is to be modulated, the modulation rate will be limited because of this delay. An ideal model would show the effect of this delay.
One approach is to use the rate equations for carrier and photon density and to include a delayed term in the photon rate equation [l, 201. The equations can then be solved numerically to obtain a large-signal temporal response [l]. However, it is difficult to include the effect of the feedback phase when using a rate equation for photon density. This phase will be shown to have an important bearing on the modulation characteristics of the device. It is also difficult to model more than a single wavelength. At best, a number of discrete wavelengths may be modelled using multiple rate equations for photon density.
Two assumptions have to be made when using a delayed term approach, namely that the photon and carrier concentrations within the laser cavity are in their steady-state profiles, and that multiple reflections within the external resonator are small. These become invalid when either very high speed modulation is used, or the external cavity has a high Q-factor. The problem of very high speed modulation may be solved by discretising the rate equations along the length of the cavity. Such a model has been used for laser amplifiers by Marcuse [21] and for cleaved coupled cavity (CCC) devices by Coldren and Koch [22, 231. Longitudinal discretisation is implicit in the proposed model, because sampling of the propagating waves in the time domain implies discretisation in the spatial domain. The effect of a high Q-factor in the external cavity is not implicit in the rate equation approach, but is a simplification to minimise storage requirements. This approximation need not be made with the present model, and has no bearing on the storage requirements.
Coldren's and Koch's model is especially interesting because it uses multiple rate equations to simulate the transition from multimode to single longitudinal mode (SLM) operation during a transient [23] . This transition is taken into account in the proposed model but with the advantage that the chirping of the individual modes is also modelled. This is because the variation of feedback phase is modelled over a large and continuous bandwidth.
One method of including feedback phase into a rate equation model is to use the photon field, rather than the photon density, as a variable. For example, Agrawal has derived four rate equations for the photon field and phase inside and outside the laser cavity [24] . When combined with a rate equation for carrier density, the device's modulation characteristics (FM and AM) can be found in the frequency domain. However, this model is limited to a single-longitudinal mode.
Another example, used in this paper, is to use rate equations for the left-and right-travelling fields, as proposed in Reference 25. Despite its title, this approach differs from that proposed here because it uses a single scattering matrix solved in the frequency domain rather than multiple scattering matrices solved in the time domain. It is therefore suited to steady-state problems.
Other field rate equation based models have been used to investigate the following external cavity laser characteristics : frequency and intensity instability This paper is concerned with the large-signal modulation and spectral characteristics of external cavity lasers with flat-frequency-response reflectors. The main assumption is that the delay within the external reflector is insignificant compared with the delay of the cavity, i.e. distributed Bragg reflector devices are excluded. However, unlike the above works, the delay of the external cavity can be larger than the modulation pulsewidth. This occurs when the cavity is longer than 3 cm at 8 Gbitls. 
Transmission-line laser model
The proposed model is an extended (sic) transmissionline laser model (TLLM). The TLLM is based on the transmission-line modelling (TLM) method for electromagnetic wave and diffusion problems, which was originally developed to characterise metallic waveguides [3 11.
The TLLM includes time-domain models for the spontaneous and stimulated emission processes, and was first applied to modulated semiconductor lasers by Lowery [32] . It has subsequently been used in the study of laser chirp [33] , the study of multimode spectra [34], the prediction of laser amplifier bistability [35] , the character-
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isation of laser amplifiers [36] , the modelling of spontaneous emission damped relaxation oscillations [37] , and the explanation of pulse compression in laser amplifiers [38] . A detailed introduction to this method is provided in [39] .
The modelling method is especially suited to external cavity devices for two reasons. First, it models longitudinal variations in waveguide structure, optical field intensity, and emission mechanisms. Secondly, it models phase and amplitude over a wide and continuous bandwidth, essential for the study of frequency chirping and multimode spectra [33] , and thirdly, the field quantities in the model have a one-to-one spatial correspondence to those in the real device. This correspondence provides easy modification and interpretation of the results.
Complex and inflexible mathematical treatments are avoided by the use of simple building blocks, each representing a longitudinal section of the cavity. Each block contains a scattering node which operates on samples of the forward-and backward-travelling waves. The nodes of adjacent blocks are connected using transmission-lines which delay the samples by exactly one iteration timestep, the timestep being linked to the node spacing by the velocity of light in the medium. This means that the samples need only be stored at the scattering nodes. At each iteration, the samples will be passed along the lines to adjacent nodes to be modified by their scattering matrices at the next iteration.
The scattering matrices represent the optical processes of stimulated emission, absorption and spontaneous emission. The models of processes can be made wavelength dependent using time-domain filters [32] . The amounts of stimulated and spontaneous emission are dependent on the average carrier concentration within the section. The carrier concentration is modelled using a numerically solved rate equation. This allows for nonlinear effects such as dynamic saturation of the cavity gain [35] .
Earlier papers have provided the basic building blocks (and associated scattering matrices describing the nodes) for the cavity in a Fabry-Perot laser In common with other TLLMs, the model assumes the following : a single transverse mode propagates, one polarisation is dominant, the current injection is uniform, the gain's wavelength dependence and the spontaneous emission spectral dependence (over a number of cavity resonances) can be represented by fixed Lorentzian functions, the spontaneous recombination lifetime is independent of carrier density, electron diffusion is negligible, and nonradiative recombination is negligible.
Model description and development
Many external cavity models use a wavelengthdependent effective reflectivity to describe the feedback. This technique could be used here by representing the frequency dependence using a time-domain filter. However, a much simpler method is to store the sampled outgoing wave from the laser cavity, and return it to the cavity after an appropriate delay and scaling. This method has the advantage that the delay is modelled as well as the frequency dependence of the external cavity. It is also very simple to implement.
Multiple transits of the resonator, caused by reflections at the laser-chip/external-cavity interface, are dealt with by adding a fraction of the delayed signal to the new sample to be delayed. In this way, the external cavity behaves as a recursive filter. In formal terms, the laserresonator interface can be described as a scattering matrix thus, where El and E6 are the incident fields from the laser and external cavities, and E: and E: are the reflected fields into the cavities.
The terms in this matrix correspond to those of eqn. 8 in Reference 35 and can be directly substituted into this earlier TLLM. The definition of the electric fields is arbitrary. Many works use the root of intensity as a definition. Previous TLLMs have equated the field to the power P of a plane wave confined totally within the active region of width w and depth, d giving
2, is defined as the transverse wave impedance of the guide. However, it is difficult to use this description at interfaces, unless one assumes that the wave will be similarly confined outside the cavity. A more useful definition is to use normalised fields, so that they are proportional to the square root of the optical wave powers in the respective regions :
[ E l 2 = kP (3) where k is a constant. This allows the matrix of eqn. 1 to be defined for a butt interface between a laser cavity with index n, and an external cavity with index n, as These terms do not have any frequency dependence in this model. However, they can be used to describe short (a few wavelengths) intercavity couplers, whose frequency dependence is negligible over the lasing bandwidth. Their values are given in References 22, 23 and 40. Note that the only consequence of this scaling is to simply scale the field in the external cavity.
For a simple plane mirror nondispersive cavity reflector, the cavity is simply a software delay, i.e. (6) where f is an integer number of timesteps, T is the roundtrip delay of the external cavity, and R , is the field reflectivity of the mirror multiplied by any propogation losses incurred during a round trip in the external cavity. Note that it is convenient to use a delay of an integer number of timesteps, m, so that the returning samples are in step with the samples in the laser cavity model. The external cavity's delay is thus related to the sampling timestep, AT, by T = m A T (7) The delay can be thought of as a cavity of m/2 sections in length, noting that each section stores both outward and returning wave samples to give a delay equal to m timesteps. The sampling timestep defines the optical bandwidth in the model and also the number of modelling 
Et(t + T) = R , . E:(t)
An alternative to using an integer number of timesteps delay for the external cavity is to use a stub attenuator model, as described in Reference 33. This could be used to alter the effective delay of the cavity over a limited frequency range, without having to use a small sampling interval and, consequently, increasing the computational task.
For dispersive reflector cavities a frequency selective model must be included within the delay. A simple model would be an RLC bandpass filter as used to represent stimulated emission in the TLLM [32] . This would have a Lorentzian response, whose peak could be matched to the peak of the grating response. Alternatively, if a short enough sampling interval were to be used, a grating or multilayer filter could be represented by a digital filter. This paper will concentrate on cavities without dispersive reflectors.
Short external cavity simulations
A device consisting of a short-cavity Fabry-Perot laser coupled to a graded-index rod (GRINrod) lens is used as an example. The GRINrod was assumed to be butted against the rear facet of the laser, with no airgap. The outer end of the GRINrod was assumed to be uncoated, giving a field reflectivity (including propagation losses) of 0.29. The scattering losses, refractive indices, and approximate device dimensions were taken from Reference 24.
The material parameters, for a 1540 nm device, are from Reference 41. The use of a short laser cavity and a short external cavity should give high relaxation frequencies, similar to the short-coupled cavity (SCC) laser suggested in References 7 and 8. The device parameters are given in Table 1 . This gives a frequency offset of 192 THz for the parameters in Table 2 . 
0.29
The timestep is constrained by the laser group velocity, cavity length and number of model sections; thus the dominant resonance frequency is not a free parameter [32] . However, in practice, the offset frequency is arbitrary, because the only error introduced by making b noninteger is to slightly alter the width of the gain curve, and this can be compensated for. Note that the gain peak has been fixed at the centre of the modelled bandwidth to correspond to the dominant resonance.
3.1
The threshold gain for external cavity lasers may be obtained by replacing the rear facet and cavity system with an effective mirror with a complex wavelength- Where R , is the reflectivity of the external mirror system including the propagation losses and phase shifts to and from the laser facet. The value of R , for the dominant mode ( R maximised near to the gain curve peak) can be substituted into the steady state solutions of the rate equations to obtain the threshold gain and carrier density [42] .
The threshold gain can be obtained from the TLLM by modelling a switch-on transient and noting the carrier density after the transient has settled. The dominant mode may then be identified by taking a Fourier transform of the sampled optical field after the transient has settled.
A transient response to a step increase in injection current to 80 mA was used to check whether the carrier density settled to the threshold value calculated for the dominant mode. This high current was used to ensure that the model quickly reached a steady state. The threshold carrier density was found to be (1.663 0.02) x 10" cm-,. A Fourier transform of the last 1024 iterations revealed that the spectrum settled to the central dominant mode with the side modes at less than -22 dB. At this frequency, the value of R, is at a maximum (0.618).
The theoretical threshold carrier density is therefore 1.680 x 1OI8 cm-,. The calculated threshold current is 8.07 mA.
The difference between theoretical and experimental threshold carrier densities is probably a result of the assumption that the spontaneous emission is zero in the theoretical calculation (i.e. the round-trip gain is assumed to be equal to the loss), whereas it is included in the numerical simulation (i.e. the gain plus the spontaneous 232 emission equals the loss). This gives a slightly lower carrier density in the numerical simulation.
Transient response excluding laser chirp
The TLLM was used to compare the evolution of spectra from external cavity and Fabry-Perot devices. The first comparison assumed that the refractive index in the laser cavity was independent of carrier concentration. All the simulations were for a step increase in injection current from 90% of threshold to 300% of threshold. The spontaneous emission coupling factor to each laser cavity mode was set to 0.00033, equivalent to a factor of 0.001 for each external cavity mode [24] . Temporal power response and carrier density of an external cavity laser subject to a step increase in injection current to three times theshold Linewidth enhancement factor = zero
Figs. 3a-d show Fourier transforms associated with the response in Fig. 2 , taken over intervals of 85 ps. The first transform (&85 ps) is dominated by spontaneous emission, which peaks at the laser cavity modes, as expected [43] . The second (85-170 ps) shows more differentiation between the power in the laser cavity modes away from the external cavity modes, and those close to the external cavity modes. In particular, the dominant laser cavity mode coincides with an external cavity mode, as predicted in, for example, Reference 1. The third transform (1 7&255 ps) shows multimoded lasing indicated by a much larger power spectral density (PSD) and narrower linewidths. Note that only modes close to external cavity modes have lased. Again, the dominant mode lies on an external cavity mode. Fig. 3d is a transform taken over the last relaxation pulse in Fig. 2 . This shows a side mode suppression of greater than -18 dB. Figs. 5a-d show spectra from the response of Fig. 4 . The first transform (&85 ps) is very similar to that in Temporal power response of a Fabry-Perot laser subject to a Fig. 3a: it is dominated by spontaneous emission into the laser cavity modes. The second transform, however, shows that the only mode selection mechanism in a Fabry-Perot laser is the gain's spectral dependence. The third transform (1 70-255 ps) shows multimoded lasing.
Note that the dominant mode is not at the gain's spectral peak. This is because the random nature of the spontaneous emission has fed more power into one mode below the peak. This randomness would cause mode hopping over a number of pulses. The fourth transform was taken at the end of the transient. The spectrum is much more multimoded than the equivalent external cavity case and the position of the dominant mode would be unpredictable over a number of modulation pulses. These comparisons compare favourably to experimental results for modulated devices [5, 7, 8, 10, 11, 17, 181, and show the single-mode nature of the external cavity laser.
Transient response including laser chirp
For the second comparison, the index dependence on carrier concentration was included in the model. This has been shown to cause dynamic wavelength shifting of the laser cavity modes inversely proportional to the relaxation power pulse width [33] . However, this shifting has been observed to be smaller in external cavity devices when the dominant Fabry-Perot resonance is detuned (lowered in frequency) from the resonance of the external cavity [45] . This reduction in chirp has also been predicted theoretically [29, 301. Fig. 6 shows the transient response of an external cavity laser with an index dependence on carrier concentration of -1.85 x cm3. This corresponds to a linewidth enhancement factor also known as Henry's a factor, of 5.6 [41] . The shift in index was set to zero at the threshold carrier concentration so that the dominant mode should be at the centre of the modelled spectrum in the steady state, i.e. zero detuning. The transient response was similar to that in Fig. 2 with a FWHM pulse width of 34 ps for the first pulse.
Figs. 7a-c show the associated transforms. The transforms were taken over 2048 iterations (170 ps) to improve the spectral resolution and so that the whole of the first relaxation pulse was included in the second transform. This shows the 'rabbit-ear' spectrum of a single mode, as described in Reference 33. The spectral width Af of this T ear is 67 GHz. The final transform shows a side-mode suppression of more than -17 dB, comparable with the unchirped simulations. If Gaussian pulses and spectra are assumed, then the following formula relates the spectral width (FWHM) to the pulsewidth (FWHM):
Af At = 0.441J(l + M') A 2.5 (10) This has been shown to be reasonably accurate for 'rabbit-ear' spectra [33] . For this example, Af is theoretically 73 GHz. Because of the limited accuracy of the transform (6 GHz resolution) it cannot be said that any chirp reduction has taken place.
To increase the detuning to 10% of the Fabry-Perot free-spectral range, the carrier density for zero chirp was increased to 1.717 x 1OI8 ~m -~. The spectrum of the first pulse showed a decrease in width to 58 GHz (Fig. 8) and a shift towards longer wavelengths. The pulse width remained constant, indicating that a small amount of chirp reduction had occurred. This is less than observed by Dutta et al. A further example, with 20% detuning, is shown in Fig. 9a . The FWHM of the spectrum was 50GHz. However, the use of such a large detuning without a dispersive cavity is disadvantageous in the steady state: the spectrum becomes multimoded as other Fabry-Perot resonances move towards external cavity resonances. This is shown in Fig. 9b , where the side mode suppression has decreased to -11 dB because of the growth of a longwavelength side mode. With 30% detuning this side mode became the dominant mode.
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Long external cavity simulations A long external cavity is preferable because it should give a narrower linewidth for each mode. However, the cavity modes will be more closely spaced and so a dispersive element may have to be included within the external cavity. Another problem is the delay associated with external cavity: feedback will not take place until the initial pulse has completed a round trip of the external cavity.
The transient response using a 4 cm, 1.5 index cavity with the same losses as the shorter cavity is shown in Fig.  10 . A high carrier density is required to initiate the first pulse because the external cavity has yet to provide feedback. The relaxation oscillation is initially similar to that of the short-cavity device, except for a slight increase in threshold carrier density because of the reduced photon lifetime. However, after one round trip, the delayed initial pulse begins to interfere with the response. The response becomes chaotic. This is in contrast to that using rate equations with a delayed term [l], which shows a predictable build-up in power as more power is coupled from the external cavity. 
The external cavity round-trip (ECRT) time is marked
The spectrum of first complex pulse (middle of Fig. 10 ) is shown in Fig. 11 . This shows multiple laser chip modes A 10 2 0 : frequency, THz   Fig. 11 Note the subdivision of the laser chip modes Spectrum from middle 170 ps ofFig. 10 each partitioned by the external cavity modes which are now closely spaced because of the increased cavity length. A narrowband grating in the external cavity would allow selection of a single laser chip mode and external cavity mode.
The conclusion is that the interference between the spectral components of all the pulses is important, and difficult to predict. However, this interference can produce very narrow pulses. These results also point to the model being useful for mode locked semiconductor lasers, which are simply external cavity devices driven by an RF current at the external cavity's resonance frequency [47]. 6 
Conclusions
A new model for external cavity lasers has been developed by simple additions to the transmission line laser model. The new model is able to cope with large-signal modulation effects over a wide spectral bandwidth. Simulations of a short cavity device show singlelongitudinal mode (SLM) operation, reduced transient damping and reduced chirp in comparison with a FabryPerot device. The detuning between Fabry-Perot and external cavity resonances is critical for chirp reduction, but may cause multimoded behaviour.
The addition of a long cavity to a Fabry-Perot laser has a drastic effect on the device's modulation performance. The use of a model that includes phase shows complex interference patterns in the time and spectral domains. These are not shown by previous models.
Because of the number of parameters that the model can cope with and also the lack of assumptions and approximations, there is almost an infinite number of results to be obtained from the model for a large number of possible device configurations. However, some particularly interesting areas of research include the inclusion of models for gratings, etalons, and interference filters into the external cavity, a more detailed study of the maximum modulation frequency for a given cavity length, the optimisation of feedback to reduce chirp, the propagation of the optical field output along a dispersive fibre, the tunability of external cavity lasers, and the study of unintentional feedback into lasers and laser amplifiers. 
